In this work we make a comparative study between different theories to predict the efficiencies of the different orders that propagate inside a volume phase grating. For the case of a pure sinusoidal grating, transmission and reflection, the theories of Rigorous Coupled Wave Theory (RCW), Coupled Wave Theory (CW) and Kogelnik's Theory are compared. This comparison allows establishing the range of physical values where the more approximate theories, CW and Kogelnik´s Theory are applicable. On the other hand for the case of a general dielectric grating, transmission and reflection, the RCW, CW, and a thin matrix decomposition method (TMDM) are also compared. The theoretical study is also validated by comparing the theoretical results with experimental data obtained in volume phase diffraction gratings recorded on photographic emulsions. To record the volume phase diffraction gratings BB-640 emulsions were exposed to an interference pattern of light from a He-Ne laser (633 nm).
INTRODUCTION
Volume diffraction gratings have been an interesting field of application during the last decades. Although there is a great understanding of how light propagates inside different periodic structures, the field of study of electromagnetic theories to accurately predict the behaviour of waves inside volume holograms is still interesting. An usual way to calculate the efficiencies of the different orders that propagate in the volume grating is to solve Maxwell equations for the case of an incident plane wave on a medium which the relative dielectric permittivity varies in 1, 2 . Although the idea seems clear and precise, there are in the literature a great number of models that allow solving the problem.
The most popular theory in holography that has provided an analytical solution for the efficiency of the first and zero order is the Coupled Wave Theory of Kogelnik 3 . During decades researchers in the field of holography have used the analytical expressions deduced by Kogelnik to estimate the theoretical predictions of phase and amplitude, transmission and reflection volume holograms. Kogelnik assumed that only two orders propagated in the hologram, orders zero and +1, and obtained analytical solutions for the efficiencies of the first and zero order when a plane wave impinges on a diffraction grating with a sinusoidal variation of its electro-optical properties (relative dielectric permittivity and conductivity). The highly predictive character of the expressions derived by Kogelnik made his work one of the most cited by holographic researchers. Nonetheless Kogelnik's theory assumed some approximations that make it inaccurate for some cases, such as dielectric gratings that are not sinusoidal or for thin gratings (outside the Bragg regime). In these cases more rigurous theories are needed, such as the rigurous coupled wave theory proposed by Moharam and Gaylord 4 . Since the first introduction of the Rigorous Coupled Wave (RCW) theory to predict the efficiency of the different orders that propagate inside a hologram, a lot of advances have been done in the research of electromagnetic theory applied to periodic structures [5] [6] [7] [8] [9] . Although exact predictions can be obtained by using the RCW it is still interesting to find analytical expressions in order to calculate the efficiency of the different orders that propagate inside the hologram in different situations. Analytical expressions give a deeper understanding of the physical processes than numerical solutions do. In addition, by direct inspection of the analytical expressions a clearer interpretation of how the different parameters influence the efficiency of the different orders is got. As commented, Kogelnik's theory can be applied to predict the efficiency of the first order for sinusoidal diffraction gratings near first Bragg replay angular condition. To obtain analytical expressions for the efficiencies of the first and second order at second on-Bragg replay angular condition other methods are needed. Using a thin matrix decomposition method (TMDM), Alferness 13 obtained analytical expressions for the zero, first and second orders when the volume hologram is reconstructed at second on-Bragg replay angular condition. In this work we will also present a comparison between the TMDM and the RCW theory to study the range of validity of this theory.
RIGUROUS COUPLED WAVE AND COUPLED WAVE THEORY
In this section we will explain the basic assumptions of the coupled wave theories to study the propagation of light inside a phase sinusoidal transmission grating, where the relative permittivity in the hologram can be expressed as:
(1) ε r0 is the average dielectric constant, ε r1 the amplitude of the relative permittivity and K is the grating vector, which is related to the period of the interference fringes, Λ, as follows:
The electric field inside the hologram is supposed to be an infinite sum of orders in the form
S i and ρ i are the amplitude and the propagation vector of the i th diffracted order, respectively. The propagation vector is related to the grating vector as:
ρ 0 being the propagation vector of the incident wave.
Substitution of equations (1), (3) and (4) in the Helmholtz equation yields the following set of equations: The Ω parameter is:
Finally, the parameter P is defined as:
The parameter P is the called impact parameter and takes the values, P = 1 for reconstruction at first Bragg angle, P = 2 at the second and so on.
Till the publication of Moharam and Gaylord 's work in 1982 4 the coupled wave equations (5) were solved by neglecting the second derivatives of it. This method assumes that there is slow transference of energy from one order to the others, and we will refer to it as CW (coupled wave theory) approximation. The work published by Moharam and Gaylord allowed to solve rigorously equations (5), and we will call this method RCW. In this work we will demonstrate that in the range of parameters analyzed, neglecting the second derivatives of equation (5) does not almost affect the final results.
Once equations (5) are solved the diffraction efficiencies of the different orders are calculates as:
KOGELNIK'S COUPLED WAVE THEORY
If only two orders are supposed propagating inside the holographic medium and equation (5) is used, Kogelnik's expressions for the efficiency of the zero and first order can be derived 3 . The amplitudes of the zero, R(z), and first order, S(z), obtained by Kogelnik at the output of the hologram (z=d) are: (12) where c r = cosθ r and c s = cosθ d, θ r and θ d are the angles that the transmitted and diffracted propagation vectors form with the normal of the hologram. α is the absorption constant and d is the thickness of the hologram. The following parameters are also defined:
and
∆n is the refractive index modulation, θ' is the angle of reconstruction in the recording medium related to the angle at reconstruction in air by Snell's law, whereas β and σ are the propagation constants of the transmitted and diffracted waves, respectively. The diffraction efficiency can be expressed as:
and the transmission efficiency as:
The final expressions of η and τ as a function of ν and ξ are: ( )
ALFERNESS EXPRESSION OF THE EFFICIENCY OF THE SECOND ORDER ON SECOND ON-BRAGG REPLAY ANGULAR CONDITION
As commented, Kogelnik's theory is only applicable to sinusoidal diffraction gratings. If a diffraction grating with higher harmonics in the refractive index is studied, other methods are needed to obtain the efficiencies of the different orders that propagate inside the grating.In this section the expression obtained by Alferness using a TMDM for the efficiency of the first and second orders at second on-Bragg angular replay condition will be introduced. For a complete derivation of the formula see ref. 13 . The refractive index stored in an unslanted phase transmission hologram can be expressed through equation (21) 
Ιn equations (23)- (29), λ is the wavelength in air, c 0 and c 1 the cosines of the angles formed by the zero and first order propagation vectors with the normal of the hologram, respectively, and θ 2B is the angle of reconstruction in air at second on-Bragg replay angular condition, which is related to the spatial frequency, f, through:
In Sec. 5 the validity of expressions (23),(24) will be checked by using the RCW theory.
COMPARISON OF RCW, CW AND KOGELNIK'S THEORY
At first we will compare the theoretical results obtained by using Kogelnik's Coupled Wave Theory for the efficiency of the first order at first on-Bragg replay angular condition with the results obtained using the RCW and CW theories 14 . In order to make the comparison as realistic as possible we considered in the theoretical simulations a relatively easy achievable value of the refractive index in some usual materials, n 1 = 0.025. This value can be recorded in photographic emulsions, dichromated gelatins or silver halide sensitized gelatins 15 , for instance. The range of thickness values used in the simulations was of [0 µm, 18 µm]. In addition 9 orders were also retained in the calculations for equations (5) : N = ± i, i = 0, 1, 2, … Two spatial frequencies were also chosen: 350 lines/mm and 750 lines/mm.
It should be noticed that CW and RCW theories assume a harmonic dependence of the relative permitivity, whereas experimental researchers in Holography usually describe the phase grating in terms of the refractive index. Therefore, it is necessary to relate the average and first harmonic component of the refractive index to the average and first harmonic component of the dielectric permittivity. Using:
where n 0 is the average refractive index and n 1 is the refractive index modulation. Equation (31) holds whenever n 1 <<n 0 . In the theoretical calculations a value of n 0 = 1.63 was used, which is a practical value for materials such as photographic emulsions.
Figs. 1 and 2 show the efficiency of the first order, +1, as a function of the thickness, d, under Bragg condition for a transmission diffraction grating with two spatial frequencies of 350 and 750 lines/mm. It can be seen that for a spatial frequency of 350 lines/mm the theoretical simulations obtained by using the CW and RCW method differ clearly from that obtained by using Kogelnik's Theory. The value of Ω from equation (8) was of 1.20 for the grating considered in Fig. 1 . For such a low spatial frequency it is clear that multi-wave diffraction occurs and Kogelnik's Theory is not applicable. Nonetheless, it is interesting to notice that good agreement between CW and RCW simulations is obtained, justifying the neglect of the second derivatives in this case. The results obtained, using a spatial frequency of 750 lines/mm (Fig. 2) , are clearly different. In this case Kogelnik's, CW and RCW Theories all agree, being the value of Ω, 5.53 in this case.
Finally we want to present a comparison between theoretical and experimental results for a diffraction grating recorded on a photographic emulsion with a spatial frequency of 1200 lines/mm (Fig. 3) . In this case the refractive index recorded in the photographic emulsion was of, 0.099, which is a relatively large value. Nonetheless, good agreement between the results obtained using Kogelnik and RCW can be observed. 
COMPARISON OF RCW, CW AND TMDM FOR THE EFFICIENCY OF THE FIRST AND SECOND ORDER AT SECOND ON-BRAGG REPLAY ANGULAR CONDITION
As commented, Kogelnik's theory has been largely used in Holography to predict the efficiency of the first and zero order for sinusoidal volume diffraction gratings. Nevertheless, it cannot be applied to diffraction gratings that present higher harmonics in the Fourier expansion of the refractive index. The importance of considering these higher harmonics has been demonstrated in photopolymer materials, for instance. Different models have been proposed in the literature to explain the mechanism of hologram formation in photopolymer materials [16] [17] [18] [19] [20] [21] [22] [23] , and the great majority of them predict the existence of higher harmonics in the Fourier expansion of the polymer concentration and, therefore, higher harmonics in the refractive index. Since Kogelnik's theory is not applicable in this case 24 , new methods should be used to obtain analytical expressions for the efficiency of the different orders propagating inside the grating. The TMDM method proposed by Alferness, served to obtain the efficiencies of the zero, first, and second order when a plane wave impinges onto a diffraction grating at second on-Bragg angular replay condition. In this section we will compare the results obtain by using the RCW and expressions (23) and (24) 25 .
In the same manner we did in Sec. 5 an appropriated conversion of the parameters is made, since the properties of the material is described in terms if n for the TMDM method, and in terms of ε in the RCW theory. Since we will take into account only the zero, first and second harmonic components of the refractive index the refractive index and relative dielectric permittivity can be expressed as:
It is easy to relate the harmonic components of the refractive index to the Fourier components of the dielectric permittivity of equation, provided that n 1 , n 2 <<n 0 (34) It can be found that Fig. 4 represents the efficiency of the first and second order as a function of the fundamental grating strength for a value of the second harmonic component of the refractive index, n 2 =n 1 /5, for a volume diffraction grating with a spatial frequency of 350 lines/mm. The value of the first harmonic component, n 1 , of the diffraction grating used was of 0.035, which is a physically achievable value for different recording materials such as photographic emulsions, dichromated gelatins, silver halide sensitized gelatins, etc. The dashed line corresponds to the analytical expression (3), whereas the continuous line corresponds to the simulation done using the RCW. The disagreement between both curves for the second order, is due to the fact that for such a low spatial frequency multi-wave diffraction occurs 1, 2 , that is, more than three orders propagate inside the hologram. Therefore, in this case, the approximate solution of Alferness doesn't seem to work well for this low frequency. Fig. 5 shows the efficiency of the first and second order as a function of the grating strength for a spatial frequency of 1000 lines/mm for the same value of the second order of the refractive index. In this case there is better agreement between both theories, but the curves corresponding to the analytical expressions (23)-(24) take higher values than those obtained using the rigorous coupled wave theory. This is due to the fact that in the case of the RCW method 9 orders were included whereas in the case of the TMDM only 3 were assumed. Although there is low coupling between the second order and higher ones, neglecting this power transfer, such as done by the method proposed by Alferness, will conduct to higher efficiencies of the second order. 
CONCLUSIONS
In this work a comparative study between different theories to predict the efficiencies of the different orders that propagate inside a volume phase grating is made. For the case of a pure sinusoidal grating, transmission and reflection, the theories of Rigorous Coupled Wave Theory, Coupled Wave Theory and Kogelnik's Theory have been compared. It has been demonstrated that for transmission diffraction gratings recorded in materials of the photographic emulsion type (refractive index modulations ∼ 0.025) and for spatial frequencies higher than 750 lines/mm the analytical expressions of Kogelnik yield to similar values as those obtained the CW and RCW methods.
On the other hand the analytical expressions for the efficiency of the first and second order for an unslanted transmission diffraction grating, obtained by using a TMDM method proposed by Alferness have been compared with the results obatined using the RCW. It has been shown that for spatial frequencies higher than 750 lines/mm the expressions provided by Alferness agree quite well with the results obtained by using the Rigurous Coupled Wave Theory. This justifies the validity of Alferness expression in the range of parameteres studied.
